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Abstract. An infinite family of exact solutions of the electrovacuum Einstein-Maxwell
equations is presented. The family is static, axially symmetric and describe thin disks composed
by electrically polarized material in a conformastatic spacetime. The form of the conformastatic
metric allows us to write down the metric functions and the electromagnetic potentials in terms
of a solution of the Laplace equation. We find a general expression for the surface energy
density of the disk, the pressure, the polarization vector, the electromagnetic fields and the
velocity rotation for circular orbits. As an example, we present the first model of the family
and show the behavior of the different physical variables.
1. Introduction
Exact explicit solutions of Einstein equations with axial symmetry have played a crucial role in
astrophysical applications of general relativity. In particular, disk-like configurations have been
used to model different kind of configurations like galactic disks, accretion disks around compact
objects and also to explain the mechanism for extracting energy from the black hole to power
the launching of the jet.
The first models of relativistic thin disks were obtained in 1968 by Bonnor and Sackfield [1]
and in by 1969 Morgan and Morgan [2]. Since then, many authors have obtained different
types of exact solutions of static thin disks [3–9], and stationary thin disks [10, 11], whereas
the stability of this systems was studied in [12] using a first order perturbation on the energy-
momentum tensor. On the other hand, due to the high relevance of electromagnetic fields
in general relativity, there have been obtained many solutions that correspond to disks with
electric and magnetic fields generated by electrically charged matter and electric currents, see
for instance [13–22].
Electric or magnetic dipoles have not been studied very much in the context of exact solutions.
The only related articles are [23, 24], where they analyze the electromagnetic fields generated
by electric and magnetic dipole layers in a Schwarzschild spacetime. Since there have not
been obtained exact solutions of the Einstein-Maxwell that may be interpreted as electric
polarized source, in this paper we construct an infinite family of relativistic static thin disks
composed by polarized material. In order to do so, we solve the Einstein-Maxwell equations in
a conformastatic spacetime using the distributional approach of tensors. Finally, we obtain the
general expressions for the surface energy-momentum tensor, the electric field, the polarization
vector and analyze them for the first model of the family.
2. Einstein Maxwell Field Equations
The Einstein-Maxwell system of equations for a continuum media, in Heaviside-Lorentz
geometrized units 1, can be written as
Gαβ = T
M
αβ + T
F
αβ + T
FM
αβ , F
αβ
;β =M
αβ
;β , (1)
where the components of the electromagnetic tensor Fαβ and the components of the polarization
tensor Mαβ are given in terms of the electromagnetic potential Aα and the electric polarization
vector Pα as
Fαβ = Aβ,α −Aα,β, Mαβ = Pαuβ − P βuα. (2)
Here uα corresponds to the four velocity vector of the fluid. As we can see from equations (1),
the energy momentum tensor is splitted into three terms [25]
Tαβ = T
M
αβ + T
F
αβ + T
FM
αβ , (3)
TFαβ = FαµFβ
µ − 1
4
gαβFµνF
µν , (4)
TFMαβ = −FαµMβµ , (5)
which correspond to the matter TMαβ, the electromagnetic fields T
F
αβ and the electromagnetic
interaction with the polarized matter TFMαβ , respectively. It is worth mentioning that the matter
energy momentum tensor, the electromagnetic four potential and the electric polarization vector
are calculated by using the displace, cut and reflection inverse method [26].
3. Axially Symmetric Solutions for Electrically Polarized Disks
In order to write down the Einstein-Maxwell field equations for electrically polarized infinitesimal
thin disks, the line element for a conformastatic axially symmetric space-time in cylindrical
coordinates xa = (t, r, φ, z), can be written as [27]
ds2 = −e2ψdt2 + e−2ψ
(
dr2 + r2dφ2 + dz2
)
, (6)
where the metric function ψ depends on the coordinates (r, z). The fact that the solution is not
magnetized, the electromagnetic four potential takes the form Aα = (−χ, 0, 0, 0), where the new
function χ also depends on the coordinates (r, z). Based on these, the non-zero component of
the polarization vector is given by
Pr = e
−ψΠrt, (7)
where Παβ are the components of the polarization tensor on the disk, which are related with the
components of Mαβ through the relation Mαβ = Παβδ(z), where δ(z) is the Dirac distribution
with support in the surface z = 0. As we can see, the antisymmetry of the polarization tensor
implies that Πrt = −Πtr = Preψ.
Solving the Einstein-Maxwell equations (1), outside and inside of the disk, we obtain that its
surface energy density σ, pressure (pr, pφ, pz) and electric components (E(r), E(z)) are
σ = eψ
(
4ψ,z +
√
2ψ,rPr
)
, pr = −
√
2ψ,re
ψPr, pφ = 0 pz = 0,
E(r) = −
√
2 eψψ,r, E(z) = −
√
2 eψψ,z, (8)
1 c = 8πG = µ0 = ǫ = 1
with
Pr = −2
√
2eψ
r
∫
rψ,ze
−ψdr, (9)
where it was found that the electric potential χ can be written as χ =
√
2
(
eψ − 1
)
and the
metric function ψ satisfies the following equation
∇2ψ −∇ψ · ∇ψ = 0, (10)
which can be cast as the Laplace equation ∇2
(
e−ψ
)
= 0. Furthermore, as we requiere the
space-time to be asymptotically flat, the function e−ψ must be 1 at infinity, so we can write
e−ψ = 1− U , (11)
where U is any solution of the Laplace equation that vanishes at infinity. Accordingly, equation
(11) allows us to write the physical quantities of the disk in terms of the function U , so we have
σ =
4
(1− U)2

U,z − U,r
(1− U)r
∞∫
0
U,zrdr

 ,
pr =
4U,r
r(1− U)3
∞∫
0
U,zrdr , P(r) =
2
√
2
(1− U)2r
∞∫
0
U,zrdr , (12)
E(r) = −
√
2U,r
(1− U)2 , E(z) = −
√
2U,z
(1− U)2 .
It can be seen that, the physical features of the disk depend entirely on the election of the
solution of Laplace equation U .
4. A Particular Family of Polarized Disks
Considering the axial symmetry of the system, we take as solution of Laplace equation the
following function
Un = −
n∑
l=0
ClPl (z/R)
Rl+1
, (13)
with Cl constants, Pl(cos θ) the Legendre polynomials and R =
√
r2 + z2. As we can see, this
solution is zero once R tends to infinity, which guarantees together with (11) that the spacetime
is asymptotically flat. Now, in order to introduce the discontinuities in the metric tensor and in
the electromagnetic four potential, we apply the displace, cut and reflect method given by the
the transformation
z → |z|+ a , (14)
being a a positive constant, to the function Un. Accordingly, we now have
Un = −
n∑
l=0
ClPl ((|z|+ a)/R)
Rl+1
, (15)
with R =
√
r2 + (|z| + a)2. Hence, the general expressions for the physical features of the disk
are given by
σ =
4
n∑
l=0
ξ1(
1 +
n∑
l=0
ξ4
)2 −
4
n∑
m=0
ξ2
∞∫
0
n∑
l=0
ξ3rdr(
1 +
n∑
l=0
ξ4
)3 ,
pr =
n∑
m=0
ξ2
∞∫
0
n∑
l=0
ξ3rdr(
1 +
n∑
l=0
ξ4
)3 P(r) = −
2
√
2
∞∫
0
n∑
l=0
ξ3rdr(
1 +
n∑
l=0
ξ4
)2
r
, (16)
E(r) = −
√
2r
n∑
l=0
ξ5(
1 +
n∑
l=0
ξ4
)2 , E(z) = −
√
2
n∑
l=0
ξ1(
1 +
n∑
l=0
ξ4
)2 ,
with
ξ1 = Cl(l + 1)Pl+1(a/R0)/R
(l+2)
0 , ξ2 = CmP
′
m+1(a/R0)/R
(m+3)
0 ,
ξ3 = Cl(l + 1)Pl+1(a/R0)/R
(l+2)
0 , ξ4 = ClPl(a/R0)/R
l+1
0 , ξ5 = ClP
′
l (a/R0)/R
(l+3)
0 ,
and R0 =
√
r2 + a2. In order to obtain a particular solution, it is necessary to specify the value
n and the constants Cl.
As an example of electrically polarized thin disks, we consider the solution of the Laplace
equation corresponding to the first term in the equation (13), that is, when n = 0
U0 = −C0
R
, (17)
with R =
√
r2 + (|z|+ a)2. In consequence the a-dimensional surface energy density σ¯, the
radial pressure p¯r and the radial component of the polarization vector P¯(r) can be written as
σ¯ =
σ
σ0
=
(
1 + C¯0
R¯0 + C¯0
)3
, p¯r =
pr
pr0
=
1
R¯0
(
1 + C¯0
R¯0 + C¯0
)3
, P¯(r) =
−2√2C¯0R¯0
(R¯0 + C¯0)2r¯
, (18)
where the quantities r = ar¯ and C0 = aC¯0, R0 = aR¯0 were introduced in order to dimensionless
the state variables of the system. Here σ0 = σ|(r=0), pr0 = pr|(r=0). Moreover, if we demand σ
and pr to satisfy the energy conditions [28–30], in order to obtain well behaved solutions, the
value of the constant C0 must be C0 = a, which implies that C¯0 = 1.
On the other hand, the electric potential and the components of the electric field are given
by the following expressions
χ =
−√2C0
R+ C0
, E(r) = −
2rC0
R(R+ C0)2
, E(z) = −
2zC0
R(R+C0)2
. (19)
As we can see, if we even the electrical potential χ to a constant Γ and solve for r¯, we obtain
an equation for the equipotential lines
r¯ = ±
√
ν − (|z¯|+ 1)2, ν = a2C¯0
( √
2
Γ + 1
)
, (20)
where z = az¯. In the same way, in order to get the electric field lines, we replace the expressions
for E(r) and E(z) into the following equation
dz
E(z)
=
dr
E(r)
,
and solve again for r¯
r¯ = ω(|z¯|+ 1), ω =
√√√√2
(
C¯0
κ¯
)2
− 1, (21)
where κ = aκ¯.
In figure 1, we show the dimensionless profiles for the surface energy density σ¯, radial pressure
p¯r (left panel), radial polarization P¯r (middle panel), the electric field and the equipotential lines
(right panel) as a function of r¯ for C¯0 = 1. From these plots, it can be observed that σ¯ and p¯r are
everywhere positives, the maximum values occur at the center of the disk and when r¯ increases
they decrease. On the other hand, the electric polarization vector P¯r tends to zero when r¯ tends
to infinity and has a singularity at the center of the disk due to the form of function U0, which
is a solution of the Laplace equation.
Figure 1. Physical features of the polarized disk n = 0 with C¯0 = 1.
5. ROTATION CURVES
From the astrophysical point of view, an important aspect that can be studied in this system
is the circular geodesics along the plane of the disk (z = 0), in order to qualitatively determine
its resemblance with the observed rotation curves. For the line element (6) and assuming r
constant, such movement has a velocity given by
uα = ut (1, 0,Ω, 0) , (22)
where Ω = uφ/ut is the angular velocity. By imposing the normalization condition gαβu
αuβ =
−1, we obtain the relation (
ut
)2
=
e−2ψ
1− Vc2
, (23)
where Vc = e
−2ψrΩ is the circular o tangential velocity. On the other hand, from the geodesic
equation
duα
dτ
=
1
2
gµν,αu
µuν , (24)
the angular velocity can be written as
Ω =
ψ,r e
4ψ
r(1− rψ,r) , (25)
and then we get the following expression for the circular velocity in terms of the function U
Vnc =
√
rUn,r
1− Un − rUn,r
. (26)
For the cases above mentioned, that is n = 0, the rotation curve is given as
V0c = r¯
√
C¯0
R¯0
3
+ C¯0
, (27)
The rotation curve is displayed in figure 2, and its behavior is similar with the predicted rotation
curves from Newtonian gravity for spiral galaxies [31].
Figure 2. Rotation curves for n = 0
6. Conclusions
A infinite family of exact solutions of the Einstein-Maxwell equations was obtained for an axially
symmetric conformastatic spacetime. The solution describes thin disks electrically polarized.
This model was obtained by using the distributional approach of tensors, and introducing finite
discontinuities in the first normal derivatives of the metric tensor and the electromagnetic four
potential. We analyzed the first model of the family, that is, the model n = 0, finding that
the disk behaves in a reasonable way, that is, the functions are everywhere positive, smooth,
decay when the distance from the center increases and show no singularities except for the
electrically polarization vector. Despite of the infinite extension of the disk the physical features
are concentrated in the central region as we could expect from a physical system. This work
serves as a starting point for the study of electromagnetic polarized matter within the exact
solutions of disk-like configurations.
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